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Dirac differential expression in two dimensions

Pauli matrices

First-order Dirac differential expression

D = —i(0101 + 0202) = —i ( L . |(92> .

o1+ 10> 0
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Dirac differential expression in two dimensions

Pauli matrices

First-order Dirac differential expression

. . 0 01 —i0s
D = —i(0101 + 0202) = |<81+i82 0 >

The off-diagonal entries resemble Cauchy-Riemann operators: interplay
with complex analysis.
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ

Dqu:=Du, dom DQ::{u IS Hl(Q,(Cz): o = i(v1 + ng)u1|,9Q} )
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ

Dqu:=Du, dom DQ::{u IS Hl(Q,(Cz): o = i(v1 + ng)u1|,9Q} )

Physics literature: Berry-Mondragon-87, 2-D neutrino billiards.
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ

Dqu:=Du, dom DQ::{U € Hl(Q,(Cz): o = i(v1 + il/g)U1|3Q} )

Physics literature: Berry-Mondragon-87, 2-D neutrino billiards.

Proposition (Benguria-Fournais-Stockmeyer-Van Den Bosch-17)
Dq is self-adjoint in L?(2, C?).
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ

Dqu:=Du, dom DQ::{u € HYQ,C?): wlpq = i(v1 + ng)u1|3Q} .

Physics literature: Berry-Mondragon-87, 2-D neutrino billiards.

Proposition (Benguria-Fournais-Stockmeyer-Van Den Bosch-17)

Dq is self-adjoint in L?(2, C?).

(i) 0 ¢ o(Dq).

(i) The spectrum of Dq is discrete and symmetric with respect to zero. }
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Infinite mass boundary conditions

Q C R? - bounded C2?-domain; v=(v1,12)":0Q — R? - outer unit normaIJ

Dqu:=Du, dom DQ::{u € HYQ,C?): wlpq = i(v1 + ng)u1|3Q} .

Physics literature: Berry-Mondragon-87, 2-D neutrino billiards.

Proposition (Benguria-Fournais-Stockmeyer-Van Den Bosch-17)

Dq is self-adjoint in L?(2, C?).

(i) The spectrum of Dq is discrete and symmetric with respect to zero. J

(ii) 0 ¢ o(Da).
s < =) < —p(Q) <0< () < () <.

11(Q2) :=inf(o(Dq) NR;) describes the size of the spectral gap. |
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Where is the mass and why infinite mass?
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Where is the mass and why infinite mass?

Massless Dirac operator in R?

Dg2u := Du, dom Dy := H(R?,C?)
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Where is the mass and why infinite mass?

Massless Dirac operator in R?

Dg2u := Du, dom Dy := H(R?,C?)

Large mass in the exterior of 2

Dr> + Maosxga\q M=o, pg, (in a proper sense).

—————
mass term
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Where is the mass and why infinite mass?

Massless Dirac operator in R?

Dg2u := Du, dom Dy := H(R?,C?)

Large mass in the exterior of 2

Dr> + Maosxga\q M=o, pg, (in a proper sense).
—_———

mass term

@ Barbaroux-Cornean-Le Treust-Stockmeyer-18.
@ Stockmeyer-Vugalter-16.
@ Moroianu-Ourmiéres-Bonafos-Pankrashkin-18.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 08.04.2019 6 /19



Where is the mass and why infinite mass?

Massless Dirac operator in R?

Dgeu:=Du,  domDge := H}(R?,C?)

Large mass in the exterior of €

M .
Dr> + Maosxga\q == Dqg, (in a proper sense).
—_———
mass term

A

@ Barbaroux-Cornean-Le Treust-Stockmeyer-18.
@ Stockmeyer-Vugalter-16.
@ Moroianu-Ourmiéres-Bonafos-Pankrashkin-18.

One can create effective large mass in graphene = a way to construct
graphene quantum dots (GQD).

D—
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Where is the mass and why infinite mass?

Massless Dirac operator in R?

Dgeu:=Du,  domDge := H}(R?,C?)

Large mass in the exterior of €

M .
Dr> + Maosxga\q == Dqg, (in a proper sense).
—_———
mass term

A

@ Barbaroux-Cornean-Le Treust-Stockmeyer-18.
@ Stockmeyer-Vugalter-16.
@ Moroianu-Ourmiéres-Bonafos-Pankrashkin-18.

One can create effective large mass in graphene = a way to construct
graphene quantum dots (GQD). J

Eigenmodes of such GQD are effectively described by Dg. )
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9 Upper bounds on the size of the spectral gap

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots .2019 7 /19
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Variational characterisation of 11(2)

Q c R? - bounded, C3-domain.
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Variational characterisation of 11(2)

Q c R? - bounded, C3-domain.

k: 0Q — R — signed curvature of 9€Q: x > 0 for convex Q's. J
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Variational characterisation of 11()

Q c R? - bounded, C3-domain.

k: 0Q — R — signed curvature of 9€Q: x > 0 for convex Q's. J

Computing the quadratic form for D% and applying the min-max principle:

/’Vu\erl/ luf?
o2 - . _ Q 2 Joa )
(Ml( )) uEdoanDQ\{O} Q[U] aeelom Dt (0 /|U|2

Q
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Variational characterisation of 11()

Q c R? - bounded, C3-domain.

k: 0Q — R — signed curvature of 9€Q: x > 0 for convex Q's. J

Computing the quadratic form for D% and applying the min-max principle:

1
[1vu+3 [ sl
Q 2 Jon _

Q))° = inf Ro[u] =
(Ml( )) uedom Dg\{0} Q[] uedom Dq\{0} /|U|2
Q
domDg D H(Q,C?) = 11(Q) < /AP (Q). J
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Variational characterisation of 11()

Q c R? - bounded, C3-domain.

k: 0Q — R — signed curvature of 9€Q: x > 0 for convex Q's. J
Computing the quadratic form for D% and applying the min-max principle:
2, 1 2
i /Qyw +§/mﬁ\u\
Q) = inf R = inf -
(Ml( )) uEdoanDQ\{O} Q[U] UedOl’:’lnDQ\{O} / |U|2
Q

domDg D H(Q,C?) = 11(Q) < /AP (Q). J
It is not attained for ID and is not sharp for domains "close to" ID. )

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 08.04.2019 8 /19



Variational characterisation of 11()

Q c R? - bounded, C3-domain.

k: 0Q — R — signed curvature of 9€Q: x > 0 for convex Q's. J
Computing the quadratic form for D% and applying the min-max principle:
2, 1 2
i /Qyw +§/mﬁ\u\
Q) = inf R = inf -
(Ml( )) uEdoanDQ\{O} Q[U] UedOl’:’lnDQ\{O} / |U|2
Q

domDg D H(Q,C?) = 11(Q) < /AP (Q). J
It is not attained for ID and is not sharp for domains "close to" ID. )

Aim: to get a bound on 11(Q2) in the spirit of an isoperimetric inequality,
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The analysis of the unit disk: unusual ground-state
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The analysis of the unit disk: unusual ground-state

p1(D) > 0 is the smallest non-negative solution of Jo(11) = J1(1). An
eigenfunction associated to 11(D) is

_( Hlm@)r)
to(r,6) = (aeieoJl(Zl(Dm) |
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The analysis of the unit disk: unusual ground-state

p1(D) > 0 is the smallest non-negative solution of Jo(11) = J1(1). An
eigenfunction associated to 11(D) is

_( Hlm@)r)
to(r,6) = (aeieoJl(Ll(Dm) |

The "ground-state” for D depends on 6 and is complex-valued.
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The analysis of the unit disk: unusual ground-state

Proposition

p1(D) > 0 is the smallest non-negative solution of Jo(11) = J1(1). An
eigenfunction associated to 11(D) is

_( Hlm@)r)
to(r,6) = (aeieoJl(Ll(Dm) |

The “ground-state” for D depends on # and is complex-valued.
X Symmetric decreasing rearrangement.
X Parallel coordinates.
v/ Conformal maps.

v Shrinking coordinates.
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Intermezzo: Hardy spaces & conformal maps
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D. J
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D. J

Hardy norm of h € H(D)

1/2

1 2T i
| Allay = sugl(%/ |h(re9)|2d0>
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D. ]

Hardy norm of h € H(D)

1/2

1 2 i
ey = sup (5= [ htre")P00)

Hardy space
H?(D) := {h € H(D): ||hll22m) < o0}
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D. ]

Hardy norm of h € H(D)

1/2

1 2 i
ey = sup (5= [ htre")P00)

Hardy space
H?(D) := {h € H(D): ||hll22m) < o0}

Q c R? - bounded, simply connected, C3; f: D — Q — a conformal map.
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D.

S

Hardy norm of h € H(D)

1/2

1 2 i
ey = sup (5= [ htre")P00)

| A\

Hardy space
H?(D) := {h € H(D): ||hll22m) < o0}

\

Q c R? - bounded, simply connected, C3; f: D — Q — a conformal map.

Kellogg-Warschawski theorem = f € C?(D) = ' € H?(D)

\._
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Intermezzo: Hardy spaces & conformal maps

H(D) — the space of holomorphic functions on D.

S

Hardy norm of h € H(D)

1 2 i
ey = sup (5= [ htre")P00)

Hardy space

H2(D) := {h € H(D): [All22@) < oo}

1/2

v

Q c R? - bounded, simply connected, C3; f: D — Q — a conformal map.

Kellogg-Warschawski theorem = f € C?(D) = ' € H?(D)

/ _1/27r/i92)1/2
e = (2 | 170
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.

f:D— Q, f(0) =0 - conformal map; r. := m; r i= mingesq |X| J
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.

f:D— Q, f(0) =0 - conformal map; r. := m; r i= mingesq |X| J

Theorem (VL-Ourmiéres-Bonafos-18)

re

2 12 4
T
p1(Q2) < m(D)() 1]l 22(m)-
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.

f:D— Q, f(0) =0 - conformal map; r. := m; r i= Mingesq |X| J

Theorem (VL-Ourmiéres-Bonafos-18)

1/2
2 1
n1(2) < #1(D)<W> Pl L OO

Equality if, and only if Q is a disk centred at the origin.
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.

f:D— Q, f(0) =0 - conformal map; r. := m; r i= Mingesq |X| J

Theorem (VL-Ourmiéres-Bonafos-18)

1/2
2 1
n1(2) < #1(D)<W> Pl L OO

Equality if, and only if Q is a disk centred at the origin.

This bound is slightly unsatisfactory due to the factor || f'[l32m)- J
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An abstract upper bound

Q c R? - bounded, simply connected, C3-domain, 0 € Q.

f:D— Q, f(0) =0 - conformal map; r. := m; r i= Mingesq |X| J

Theorem (VL-Ourmiéres-Bonafos-18)

1/2
2 1
n1(2) < ,Ul(D)(W) Pl L OO

Equality if, and only if Q is a disk centred at the origin.

This bound is slightly unsatisfactory due to the factor ||f'||3,2(p)- J

Geometric estimates of ||f'||2(n)

Star-shaped (nearly circular): Warschawski-50, Specht-51, Gaier-62
Convex: Kovalev-2017
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The abstract bound + Kovalev's estimate of ||f'||52(n)
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The abstract bound + Kovalev's estimate of ||f'||52(n)

Q is convex in addition
ri 1= mingepa ||
fo 1= Maxxeoq | X|
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The abstract bound + Kovalev's estimate of ||f'||52(n)

Q is convex in addition
ri 1= mingepa ||
fo 1= Maxxeoq | X|

(Kovalev-17)
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The abstract bound + Kovalev's estimate of ||f'||52(n)

Q is convex in addition
ri 1= mingepa ||
fo 1= Maxxeoq | X|

ro—re
Hf/HHZ(]D)) < (—) e (Kovalev-17)

fo—rc

Fel@) = (i) (2)
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The abstract bound + Kovalev's estimate of ||f'||52(n)

Q is convex in addition
h

Minyecaq |x|
fo := MaXxecoq | X|

\ 2258
Hf/HH2(]D)) < (?) ' (Kovalev-17)
C

7 = (ifiz) ()7

Theorem (VL-Ourmiéres-Bonafos-18)

p1(Q) < p1(D)Fk ().
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The abstract bound + Kovalev's estimate of ||f'||2(n)

Q is convex in addition
ri 1= mingepa ||
fo 1= Maxxeoq | X|

\ 2258
Hf/HH2(]D)) < (?) ' (Kovalev-17)
C

A) = (i) (2)

Theorem (VL-Ourmiéres-Bonafos-18)

p1(Q) < p1(D)Fk ().

; Dir |99Q| | Dir e (P&lva— 5—
Inspired by A7""(Q2) < 577 A7 " (D) for convex Q's (Polya-Szegé-51)
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Discussion

Proposition (Reverse Faber-Krahn)

Fx(Q) = Fx(Dr) = % = 11(2) < pa(Dy).
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Discussion

Proposition (Reverse Faber-Krahn)

Fx(Q) = Fx(Dr) = % = 11(2) < pa(Dy).

Ellipse €, with axes a =1+ x and b = p%x

1

2\ 2 1

Fr(@) = [ L2 (o praxra 1 1 g2y ot
1+x+% 2

v
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Discussion

Proposition (Reverse Faber-Krahn)

Fx(Q) = Fx(Dr) = % = 11(2) < pa(Dy).

Ellipse €, with axes a=1+ x and b = HLX

14 2x + x2
l—i-x—l-xz—2

1
2
.FK(QX) = ( ) (1+X)8+8X+4x2 _ 1+7+O(X2), X — 0+

Fk(S2,) grows super-exponentially as x — oo
The bound 111 (Qx) < Fx(Q2x)p1(D) is tight only if Q is close to D.
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Discussion

Proposition (Reverse Faber-Krahn)

A@=F®)=7 = m(®) <m®)

Ellipse €, with axes a=1+ x and b = HLX

1
2 17
) (1 —i—x)8+8x+4"2 = 1+TX+O(X2), x—0f

1+ 2x + x2
X2
1+X+7

v

Fk(S2,) grows super-exponentially as x — oo
The bound 111 (Qx) < Fx(Q2x)p1(D) is tight only if Q is close to D.

Private communication with L. Kovalev

It might be impossible to bound ||f'[|2(py asymptotically better.
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Back to the 60s: Gaier's estimate of ||f'||52(n)
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Back to the 60s: Gaier's estimate of ||f'||52(n)

Definition (Nearly circular domains)

Bounded C3-domain Q C R?, star-shaped with respect to the origin and
parametrized by p = p(0), is called nearly circular if

|Pl(0)|
p*—p*Q:— su € (0,1).
( ) 96[0,271') p(e) ( )
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Back to the 60s: Gaier's estimate of ||f'||52(n)

Definition (Nearly circular domains)

Bounded C3-domain Q C R?, star-shaped with respect to the origin and
parametrized by p = p(0), is called nearly circular if

|pl(0)|
e = px(R) := su € (0,1).
( ) 06[0,271') p(e) ( )

1 1/2
1 l22m) < fo ( i p*> , (Gaier-62).
1 - p*
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Back to the 60s: Gaier's estimate of ||f'||52(n)

Definition (Nearly circular domains)

Bounded C3-domain Q C R?, star-shaped with respect to the origin and
parametrized by p = p(0), is called nearly circular if

|pl(0)|
e = px(R) := su € (0,1).
( ) 06[0,277) p(e) ( )

1+ ps

1/2
, Gaier-62).
1- p*) ( )

Imwm<m(

Theorem (VL-Ourmiéres-Bonafos-18)

1

n1(92) < Ml(ﬂ))(mﬁfwr?)§ o (%)1/2.
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Outline

e Key ideas of the proof
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Test function: beautiful idea of G. Szegt
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Test function: beautiful idea of G. Szegt

Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.
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Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.

f: D — Q - a conformal map with 7(0) = 0. J
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Test function: beautiful idea of G. Szegt

Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.

f: D — Q - a conformal map with 7(0) = 0. J

us(r,0) = <ie;éoj(1r(li;(f]()8))> : D — C, (ground-state of Dp)
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Test function: beautiful idea of G. Szegt

Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.

f: D — Q - a conformal map with 7(0) = 0. J

us(r,0) = <ie;éoj(1r(li;(f]()8))> : D — C, (ground-state of Dp)

Bad news: u, o f~! ¢ dom Dq can not serve as a test function! )
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Test function: beautiful idea of G. Szegd

Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.

f: D — Q - a conformal map with 7(0) = 0. ]

us(r,0) = <ie;éoj(1r(li;(f]()§)3))> : D — C, (ground-state of Dp)

Bad news: u, o f~! ¢ dom Dq can not serve as a test function! J

Updated test function

_( Jo(rm(D)) - _ R
o (in(90)J1/Zru1(D))> o f~%, where n(9) := v1(f(e")) +iva(f(e")).
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Test function: beautiful idea of G. Szegd

Szegd proved in 1954 a reverse Faber-Krahn for the 15 non-trivial
Neumann EV via conformal maps.

f: D — Q - a conformal map with 7(0) = 0. ]

us(r,0) = <ieéoj(1r(li;(f]()§)?))> : D — C, (ground-state of Dp)

Bad news: u, o f~! ¢ dom Dq can not serve as a test function! J

Updated test function

_( Jo(rm(D)) - _ R
o (m(eO)Jerm(D») o f~%, where n(9) := v1(f(e")) +iva(f(e")).

u, € domDgq.
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An upper bound involving the conformal map

Eigenvalues

(11(D))? = Rp[uo] = ’1\)@ and  (11(Q))° < Ra[u,] = =2,
D Q

Using [3q & = 27, Chebyshev's inequality, properties of Bessel functions,
geometric aspects of complex analysis, we get
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Eigenvalues

(11(D))? = Rp[uo] = g@ and  (11(Q))° < Ra[u,] = =2,
D Q

Using [3q & = 27, Chebyshev's inequality, properties of Bessel functions,
geometric aspects of complex analysis, we get

Estimates of Dq, Nq through Dp, AMp

Dq >

<|Q + 7

1 2
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An upper bound involving the conformal map

Eigenvalues

(11(D))? = Rp[uo] = g@ and  (11(Q))° < Ra[u,] = =2,
D Q

Using [3q & = 27, Chebyshev's inequality, properties of Bessel functions,
geometric aspects of complex analysis, we get

Estimates of Dq, Nq through Dp, AMp

Q| + 7”12 1
DQ > <|>DD and NQ S ﬁHf/H%tz(D)ND

2

An upper bound on 11(Q)

o0 1/2 1
11(2) < MI(D)<W> 7”f,”H2(D)’
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Some further challenges

[ A better way to estimate ||f'||22(p)?

Theorem (Benguriaet. al.-17, Raulot-06)

ZUOERVE T

Not intrinsically Euclidean: pu1(D) ~ 1.4347 and ,/% =2~ 1.4142

The Dirac operator Dg can be defined on 2-manifolds with boundary. J

S. Raulot proved that the equality in (%) is achieved iff Q is a hemisphere.
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Some further challenges

[ A better way to estimate ||f'||22(p)?

Theorem (Benguriaet. al.-17, Raulot-06)

ZUOERVE T

Not intrinsically Euclidean: pu1(D) ~ 1.4347 and ,/% =2~ 1.4142

The Dirac operator Dg can be defined on 2-manifolds with boundary. J

S. Raulot proved that the equality in (%) is achieved iff Q is a hemisphere.

The disk or not the disk?
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Thank you

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots



[4 V.L. and T. Oumiéres-Bonafos, A sharp upper bound on the
spectral gap for graphene quantum dots, to appear in Math. Phys.
Anal. Geom., arXiv:1812.03029.
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Thank you for your attention!
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