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Oyu+ fu=0, on 0%,

The Robin Laplacian on Q2

Hl(Q)BuH/ \vu\2dx+5/ luPdc = Hgo=Hjq in L*(Q)
Q o ’

v

Purely discrete spectrum
M@ <M@ < <@ <. (B-X(@)20)
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The ball (the disk) is:

@ minimizer (8 > 0, |Q| = const)
Bossel-86, Daners-06

@ maximizer (5 < 0, |0Q|=const, d=2),

@ maximizer (8 <0, |0| = const, Q — convex, d > 3).
Bucur-Ferone-Nitsch-Trombetti-18, Vikulova-19
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Bossel-86, Daners-06

@ maximizer (5 < 0, |02 =const, d=2),

@ maximizer (8 <0, |0| = const, Q — convex, d > 3).
Bucur-Ferone-Nitsch-Trombetti-18, Vikulova-19

The analogue of (1) for manifolds: Chami-Ginoux-Habib-19

15* main objective

To generalize (2) for 2-manifolds.
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Unbounded cones

m C S? — a bounded, simply-connected, domain with C2-smooth boundary.J

The cone A, C R3
Am := R4 x m (in the spherical coordinates).

r

< X
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The Robin Laplacian on unbounded cones

B < 0 — coupling constant. )

The Robin Laplacian on A,

Hl(Am)aun—>/ |Vu|2dx—|-ﬂ/ luPde = Hga,=Hja, in L2(An)
Am ONm

2
Hﬂa/\m = /8 H_lvAm = HAm = H_ly/\m'
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o #o4(Hp,) = o0 if jm| < 27

The eigenvalues of Hp,
)\1(Am) S )\2(Am) S e S >\k(/\m) S T S —1.

arise in the leading order of the large coupling asymptotics (5 — —o0) for
the Robin eigenvalues on a bounded domain with a conical singualarity.
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Spectral properties of Hj_

Proposition (Pankrashkin-16)

@ 0ess(Ha,) = [-1,0).
o #o4(Hp,) = o0 if jm| < 27

The eigenvalues of Hp,,
)\1(Am) S )\2(Am) S e S >\k(/\m) S T S —1.

arise in the leading order of the large coupling asymptotics (5 — —o0) for
the Robin eigenvalues on a bounded domain with a conical singualarity.

2"d main objective

To obtain an isoperimetric inequality for A1 (An).
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@ Optimization on 2-manifolds
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with C%-boundary OM.

M is diffeomorphic to the unit disk in R? J

K: M — R — Gauss curvature of M. J

—A & V —stand for the Laplace-Beltrami operator and the gradient on MJ

Distance functions (x,y € M)

pm(x,y) := geodesic distance between x and y.

= inf .
pom(x) ye'%MpM(X’y)
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Geometric setting

The class of 2-manifolds

M — compact, simply-connected, C°°-smooth two-dimensional manifold
with C%-boundary OM.

M is diffeomorphic to the unit disk in R? J

K: M — R — Gauss curvature of M. J

—A & V —stand for the Laplace-Beltrami operator and the gradient on MJ

Distance functions (x,y € M)

pm(x,y) := geodesic distance between x and y.
= inf V).
pop(x) = inf ppmlx.y)

R := maxxem pom(x) (the in-radius of M) ]
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The spectral problem
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The Robin Laplacian on M
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.
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Definition of the operator

The spectral problem

—Au=Au, onM,
Oyu+ fu=0, on OM,

\

The Robin Laplacian on M

Hl(M)Bu»—>/ \Vu\zdx—i-ﬁ/ luPde — Hgam=Hj oq in [2(M
M oM ’

v

Purely discrete spectrum

MM) <M << M) <

.

K = 0 corresponds to the flat case.
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Main result

Let the constant K, > 0 be such that sup,c K(x) < K )

N5 = 2-manifold without boundary of )

constant Gauss curvature K. N~ R*, Ko =0,

B° C N, — a geodesic disk. °TS2,, Ko>0
NG

Theorem (Khalile-L-19)

|OM| = |05°]
Ko - max{|M|, |B°|} <27
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On the assumption K, - max{| M|, |B°|} < 27

K, = 0 means no extra assumption.

For K, > 0, the assumption is essential.

Counterexample on S? (K, = 1): B° C §?, |B°| < 27, M :=$?\ B°

Weak coupling expansions 8 — 0

ploB°|

PR B(13°Y) ~
T and AL (B%)

M(M) ~

Hence, Y (M) > M\ (B°) for B < 0 with | 3| small.

ploB°|
B2
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Sketch of the proof: step 1

Variational characterisation

||VuH 2mic2) T 5||U|8MHL2(8M)
WML M)\ {0} luliZagpny

(M) =
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Sketch of the proof: step 1

Variational characterisation

IV ullZ2 piczy + BlluloatlFagonn
weHLM)\ (0} 2 an)

The in-radii of M and B°
RM S RBO

(M) =
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Variational characterisation

)\B(M) ||VUH M@)"‘ﬁ””bMHLz(@M)

ueH (M)\(0) luliZagpny

The in-radii of M and B°
RM S RBO

The ground-state us(x) = ¢(page(x)): B — R of Hg go is a radial
function in geodesic polar coordinates on 5°.

(%) = 1 (pam(x)) € HY(M) (test function)

Inspired by Payne-Weinberger-61, Antunes-Freitas-Krejcirik-17,..
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Sketch of the proof: step 1

Variational characterisation

)\B(M) ||VUH M@)"‘ﬁ””bMHLz(@M)

ueH (M)\(0) luliZagpny

The in-radii of M and B°
RM S RBO

The ground-state us(x) = ¢(page(x)): B — R of Hg go is a radial
function in geodesic polar coordinates on 5°.

(%) = 1 (pam(x)) € HY(M) (test function)

Inspired by Payne-Weinberger-61, Antunes-Freitas-Krejcirik-17,..

luxlarllzormy = lluolose [l 2(ame) (trivial). J
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M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J
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Vi, |3 = /0 W (£)2OM(t)|dt (co-area)
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Sketch of the proof: step 2

il 2omy < Nluoll2@soy and [[Vusllzagezy < IV uoll2(s0.c2)

)

M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J

2 R 2
IVunli= [ /(e om(e)lde

(co-area)

</0R ¢(t)2(L+/ / o dxds—27rt>dt (savo-01)
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< / " W () <L+ Ko/ |M(s)|ds — 27rt> dt (K < Ko)
0 0
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Sketch of the proof: step 2

il 2omy < Nluoll2@soy and [[Vusllzagezy < IV uoll2(s0.c2) ]

M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J

R
Vi, |3 = / MR loM(t)|dt (co-area)

</0R ¢(t)2(L+/ / o dxds—27rt>dt (savo-01)
g/ORM W (1)? <L+ KO/O |M(s)]ds—27rt>dt (K < K.)

R t
< Mw'(r)2(L+Ko / |B°<s>|ds—2m)dt (IM(s)] < 1B°(5))
0 0
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Sketch of the proof: step 2

il 2omy < Nluoll2@soy and [[Vusllzagezy < IV uoll2(s0.c2) ]

M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J

2 R 2
IVunli= [ /(e om(e)lde

(co-area)

Rm ) B ]
g/o W (8) L+/ / [y (()xcds =2t Jdt - (savo-on)
R
< / " W () (L + Ko/ |M(s)|ds — 27rt> dt (K < Ko)
0 0
R t
< [T v (e [l - 2nt e (e <8
0 0

R )
:/0 ' (t)°|0B°(t)|dt (formulae for [0B°(t)| & |B°(t)|)
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il 2omy < Nluoll2@soy and [[Vusllzagezy < IV uoll2(s0.c2) ]

M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J

2 R 2
IVunli= [ /(e om(e)lde

(co-area)

Rm
S/O P (t)2 <L_|_/ / o) x)dxds — 27Tt>dt (savo-01)
R
g/ () <L+ Ko/ M(s)lds — 2m) dt  (K<K)
0 0
Rm t
g/ w’(t)z(L+Ko/ |B°(s)|ds—27rt)dt (IM(9)] < IB°(s))
0 0
R
:/0 M ¢/(t)2|880(t)|dt (formulae for |0B°(t)| & |B°(t)])
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Sketch of the proof: step 2

il 2omy < Nluoll2@soy and [[Vusllzagezy < IV uoll2(s0.c2) ]

M(t) = {x e M: pagm(x) >t} & B°(t):={x € B°: pgpe(x) > t}| J

2 R 2
IVunli= [ /(e om(e)lde

(co-area)
Rm
S/O P (t)2 <L_|_/ / o) x)dxds — 27Tt>dt (savo-01)
R
< / () (L + Ko/ M(s)lds — 2m) dt  (K<K)
0 0
R t
< [Twr (k. [ 1B E)ds - 2ne e (men <15
0 0
R
:/0 ™ ¢/(t)2|880(t)|dt (formulae for |0B°(t)| & |B°(t)])

Rise / 2 o _ 2
< [T (21087 ()t = | Vu (R < Ree)
0
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Sketch of the proof: step 3
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Sketch of the proof: step 3

Recall that

o [luxlomllrzor) = lluolose |l 2am0)
o [luell2ay < lbollr2(s0)
o [[Vudllizmiczy < Vol 2(se,c2)

Applying the min-max principle

HVU*H%2(M;C2) + /8‘|u*‘9MH%2(8M)

A (M) <

H”*HiZ(M)
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Recall that

o [luxlomllrzor) = lluolose |l 2am0)
o [luell2ay < lbollr2(s0)
o [[Vudllizmiczy < Vol 2(se,c2)

Applying the min-max principle

IVl f2pnczy + BlluslorllZ oy

A (M) <

H”*HLZ(M)
IV o 20 c2) + Blluolose l72(o1)

||Uo||%2(30)
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Sketch of the proof: step 3

Recall that

o [luxlomllrzor) = lluolose |l 2am0)
o [luell2ay < lbollr2(s0)
o [[Vudllizmiczy < Vol 2(se,c2)

Applying the min-max principle

IVl f2pnczy + BlluslorllZ oy

A (M) <

H”*HLZ(M)
IV o 20 c2) + Blluolose l72(o1)

= \(B°)

||Uo||%2(30)
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Open questions

@ Is simply-connectedness needed?

@ Does M) (M) = X (B°) imply M = B°?

© Can one extend this result to K, < 07

@ How much of this analysis survives in higher dimensions?

© Can one generalize the result by Bucur-Ferone-Nitsch-Trombetti
for geodesically convex manifolds?

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 17 /25



An application to the Steklov-type eigenvalues

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 18 /25



An application to the Steklov-type eigenvalues

Dirichlet-to-Neumann map (A < 0)

Dxame = dyulo,
dom Dy = {go € L2(OM) : 3u € HY(M) such that — Au = \u

with u = ¢ on OM and 9, u|gr exists in L2(8M)}.
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dom Dy p = {go € L2(OM) : 3u € HY(M) such that — Au = \u

with u = ¢ on OM and 9, u|gr exists in L2(8M)}.
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An application to the Steklov-type eigenvalues

Dirichlet-to-Neumann map (A < 0)

Dxme = Ouulom,

dom Dy v = {i € L2(OM) : Ju € H(M) such that — Au = Au

with u = ¢ on OM and 9, u|gr exists in L2(8M)}.

DA,M = DX,M >0in LZ(BM) J

The spectrum of Dy aq is purely discrete

0< (M) <AM) < < op(M) < ...

Proposition (Khalile-L-19)

|OM| = |0B°|
Ko - max{|M]|, |B°|} <27
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Outline

© Optimization on unbounded cones
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m C S? — a bounded, simply-connected, domain with C2-smooth boundary.J

Awm =Ry x m C R3 (in the spherical coordinates). J

The Robin Laplacian on A,

Hl(/\m)au»—>/ |Vu|2dx—/ luPdo = Ha,=Hr in L*(Aw)
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Recall the assumptions

m C S? — a bounded, simply-connected, domain with C2-smooth boundary.J

Awm =Ry x m C R3 (in the spherical coordinates). J

The Robin Laplacian on A,

Hl(/\m)au»—>/ |Vu|2dx—/ luPdo = Ha,=Hr in L*(Aw)
Am oA

m

m| <27 = A (An) < infoes(Hp,) = —1. |

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 20/25



Main result

V. Lotoreichik (NPI CAS) Optimization on manifolds



Main result

b C S? — geodesic disk (spherical cap). J

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 21/25



Main result
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Theorem (Khalile-L-19)

L:=|0m| =|0b| < 2w 472
m|, [b] <27 L
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Main result

b C S? — geodesic disk (spherical cap). J

Theorem (Khalile-L-19)

— )\I(Am) < /\1(/\[,) = ==

L:=|0m| =|0b| < 2w 472
m|, [b] <27 L

An analogous result is known for d-interactions on 9\, (Exner-L-17).
The method of the proof used there is not applicable any more.
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The strategy of the proof

Step 1.

Variational characterisation

o IVl = Nlona Faon)
ueH! (Aw)\{0} lullZ2p,0y

A1(Am) =

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 22 /25



The strategy of the proof

Step 1.

Variational characterisation

o IVl = Nlona Faon)
ueH (Aw)\ {0} lullZ2p,0y

A1(Am) =

The ground-state uo(x) = 1) (|X\,Pab (L)) : Ao = R of Hp, is

x|
rotationally invariant

ue(x) =1 <|x|,p3m <|§‘)> € H'(A\n) (test function)
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The strategy of the proof

Step 1.

Variational characterisation

IVl agics) = 1410 [F2gon,)

A1(Am) =

In 2
weHL(Am)\ {0} 1ulZ2(An)

The ground-state us(x) = ¢ (|x\,pab <|§—|>) : Np = R of Hp, is
rotationally invariant

ue(x) =1 <|x|,p3m (;O) € H'(A\n) (test function)

Step 2. [[udonn |l 29nm) = llUolan,ll2(an,) (almost trivial).

Use slicewise (for each fixed |x|) the same argument as for manifolds

el i2am) < Ntolli2(ng) and IVl 2(anic3) < IV Uoll2(a,:c3)

V. Lotoreichik (NPI CAS) Optimization on manifolds 3.12.2019 22 /25



The strategy of the proof

Step 1.

Variational characterisation

A (An) = IV ullZ2(r,ico) = llonn I T2ong)

In 2
weHL(Am)\ {0} 1ulZ2(An)

The ground-state us(x) = ¢ (|x\,pab <|§—|>) : Np = R of Hp, is
rotationally invariant

ue(x) =1 <|x|,p3m (;O) € H'(A\n) (test function)

Step 2. [[udonn |l 29nm) = llUolan,ll2(an,) (almost trivial).

Use slicewise (for each fixed |x|) the same argument as for manifolds

el i2am) < Ntolli2(ng) and IVl 2(anic3) < IV Uoll2(a,:c3)

Step 3. Apply the min-max principle.
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The Laplacian on a compact, simply-connected 2-manifold with boundary
-+ an attractive Robin BC.

In the class of manifolds with the Gauss curvature bounded from above by
K, > 0 and under the constraint of fixed perimeter, the geodesic disk of
constant curvature K, maximizes the lowest Robin eigenvalue.
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Problem |: optimization on 2-manifolds

The Laplacian on a compact, simply-connected 2-manifold with boundary
+ an attractive Robin BC.

In the class of manifolds with the Gauss curvature bounded from above by
K, > 0 and under the constraint of fixed perimeter, the geodesic disk of
constant curvature K, maximizes the lowest Robin eigenvalue.

Problem Il: optimization on cones

The Laplacian on an unbounded three-dimensional Euclidean cone + an
attractive Robin BC. J

Under a constraint of fixed perimeter of the cross-section, the lowest
Robin eigenvalue is maximized by the circular cone.
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Thank you
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[4 M. Khalile and V.L., Spectral isoperimetric inequalities for Robin
Laplacians on 2-manifolds and unbounded cones, arXiv:1909.10842.
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[4 M. Khalile and V.L., Spectral isoperimetric inequalities for Robin
Laplacians on 2-manifolds and unbounded cones, arXiv:1909.10842.

Thank you for your attention!
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